
CS 229br: Foundations of Deep Learning

Boaz Barak

Gal KaplunGustaf Ahdritz

Lecture 3: Diffusion



Reminder 2
Exercise: If 𝑋 ∼ 𝑁(𝜇, Σ) and 𝑌 = 𝑁(𝜇!, Σ′) independent then 𝑋 + 𝑌 ∼ 𝑁(𝜇 + 𝜇!, Σ + Σ′)

Cor: If 𝑋 ∼ 𝑁(𝜇, 𝜎"𝐼) and 𝑌 ∼ 𝑁(𝜇!, 𝜎!"𝐼) independent then 𝑋 + 𝑌 ∼ 𝑁(𝜇 + 𝜇!, 𝜎" + 𝜎!" 𝐼 )

𝐼 𝑋; 𝑌 = H X − H(X|Y)

Useful facts:

log 𝑝 𝑥 ! =
𝑝 𝑥 !

𝑝(𝑥)
∇𝑝 = 𝑝 ⋅ ∇ log 𝑝

= 𝐻 𝑌 − 𝐻 𝑌 𝑋

= 𝔼#∼% 𝐾𝐿 𝑋 𝑌 = 𝑦 ∥ 𝑋 = 𝔼&∼'𝐾𝐿(𝑌|𝑋 = 𝑥 ∥ 𝑌 )

𝔼#∼%𝐻(𝑋|𝑌 = 𝑦)



Distances between Gaussians
Let 𝑋~𝑁(𝜇, Σ) and 𝑌 ∼ 𝑁(𝜇!, Σ!)

If Σ = Σ! = I: Total variation: 𝑇𝑉 𝑋, 𝑌 ≈ 1 − Pr[ 𝑁 0,1 ≥ !
"
∥ 𝜇 − 𝜇# ∥]

KL : 𝐾𝐿 𝑋 ∥ 𝑌 = "
#
∥ 𝜇 − 𝜇! ∥#

General: KL: 𝐾𝐿 𝑋 ∥ 𝑌 = "
#
∥ 𝜇 − 𝜇! ∥

$!"#
# +tr Σ!%" Σ − d + log &'( $!

&'( $

Fréchet: 𝑑# 𝑋, 𝑌 = min
)!,+!

∥ 𝑋! − 𝑌! ∥# =∥ 𝜇 − 𝜇! ∥#

(If ∥ 𝜇 − 𝜇! ∥= 𝜖 then 𝑇𝑉 𝑋, 𝑌 ≈ 𝜖)

Fréchet: 𝑑# 𝑋, 𝑌 = ‖𝜇 − 𝜇! ∥# +tr(Σ + Σ! − 2 ΣΣ! "/#)



Reminder 3

If probability of 𝑥 is proportional to exp(−𝑓 𝑥 )

⇒ likely value of 𝑥 is min 𝑓(𝑥)

⇒ can find it by setting ∇𝑓 𝑥 = 0



Useful fact
Let 𝑋, 𝑌 be random variables. 

Let 𝜇 𝑥 = 𝔼[𝑌|𝑋 = 𝑥]. Then

𝜇 𝑥 = argmin𝔼 𝑦 − 𝑌 " 𝑋 = 𝑥]

Proof: Fix any 𝑥 and let 𝜇 = 𝜇 𝑥 = 𝔼[𝑌|𝑋 = 𝑥]

Let 𝑓 𝑦 = 𝔼[ 𝑦 − 𝑌 "|𝑋 = 𝑥]

𝑓! 𝑦 = 𝔼 2 𝑌 − 𝑦 𝑋 = 𝑥] = 2 𝔼 𝑌 𝑋 = 𝑥 − 𝑦

𝑓! 𝑦 = 0 ⟺ 𝑦 = 𝜇

Generalization: In high dimensions 𝔼 𝑌 𝑋 = 𝑥 = argmin𝔼[ ∥ 𝑦 = 𝑌 ∥" |𝑋 = 𝑥]



Reminder 4
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Digression to divergence
𝐹:ℝ( → ℝ( 𝐹 𝑥 = speed & direction of particles at 𝑥

∇ ⋅ 𝐹 𝑥 ∝ # particles leaving - # entering at 𝑥

Particles at constant speed

#𝑖𝑛 = #𝑜𝑢𝑡 : ∇ ⋅ 𝐹 = 0

i.e. 𝐹 𝑥 = 𝑐𝑜𝑛𝑠𝑡

Particles accelerating i.e. 𝐹′ 𝑥 = 𝑎

#𝑜𝑢𝑡 − #𝑖𝑛 = 𝑎

∇ ⋅ 𝐹 =_
)*+

(
𝑑𝐹 𝑥 )
𝑑𝑥)

= 𝑇𝑟(∇"𝐺)

If 𝐹 = ∇𝐺



Evolution of probability distribution
𝐹:ℝ( → ℝ( 𝐹 𝑥 = speed & direction of particles at 𝑥

∇ ⋅ 𝐹 𝑥 ∝ # particles leaving - # entering at 𝑥

at time 𝑡

at time 𝑡

𝑡

𝑡

𝑝-.(- 𝑥 = −∇ ⋅ 𝐹- 𝑥 𝑝-(𝑥)

𝑑𝑝- 𝑥 = −∇ ⋅ 𝐹- 𝑥 𝑝-(𝑥) dt

𝑥

𝐹-(
𝑥)

each

𝑝-(𝑥)



Diffusion
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Diffusion

𝑥

𝑝-.+ 𝑥 = 𝔼#∼&[𝑝- 𝑦 ]

Will grow if 𝑝!! > 0

𝑥-.(- = 𝑥- + 𝑑𝑡𝑁(0, 𝐼)

𝑝- 𝑥 + 𝛿 ≈ 𝑝 x + 𝛿, ∇𝑝 𝑥 +
𝛿/∇"𝑝 𝑥 𝛿

2

𝔼𝑝- 𝑥 + 𝑑𝑡𝑁 ≈ 𝑝 x + 𝑑𝑡𝔼 𝑁, ∇𝑝 𝑥 +
𝑑𝑡
2
𝔼 𝑁/∇"𝑝 𝑥 𝑁 =

1
2
𝑇𝑟 ∇"𝑝 𝑑𝑡

𝑑𝑝- 𝑥
𝑑𝑡

= ∇ ⋅ (
1
2
∇𝑝- 𝑥 )Fokker-Plank Equation



Take away
Two views on diffusion:

Stochastic: 𝑑𝑥 = 𝑑𝑡 ⋅ 𝑁(𝑂, 𝐼)

Deterministic:
𝑑𝑝-
𝑑𝑡

=
1
2
𝑇𝑟 ∇#𝑝-

𝑥

−
1
2
∇ !
𝑝 "(
𝑥)

𝑑𝑥
𝑑𝑡

= −
1
2
∇log 𝑝-

= ∇ ⋅
1
2
∇𝑝- = ∇ ⋅ 𝑝-

1
2
∇ log 𝑝-

Score matching – note 
connection to EBM



Diffusion-based Generative models

Keras tutorial Gustaf

https://www.tensorflow.org/tutorials/generative/generate_images_with_stable_diffusion


Generative Models

𝑥 𝑧 j𝑥𝐸 𝐷

Ideally:

• 𝐷 𝐸 𝑥 = 𝑥

• 𝑥 ∼ 𝑝 ⇒ 𝐸 𝑥 ∼ 𝑁(0, 𝐼)

Trivial to achieve:
𝐸6 𝑥 = 𝜖 ⋅ 𝑥 + 𝑁(0, 1 − 𝜖 𝐼)



Diffusion Model v0

𝑥 𝑧 j𝑥𝐸 𝐷

Fix 𝐸 𝑥 = 𝐸0 𝑥 = 𝜖 ⋅ 𝑥 + 𝑁(0, 1 − 𝜖 𝐼)

𝐷7 = argmin𝔼 𝐷7 𝐸6 𝑥 , 𝜖 − 𝑥 #



Diffusion Model v0.5

𝑥 𝑧 j𝑥𝐸 𝐷

𝑥1 = 𝑥 𝑥-.+ =
1
2
𝑥- +𝑁 0,½𝐼

𝑥2 = 232/"𝑥1 +𝑁 0,
1
2
+
1
2"
+⋯+

1
22

𝐼

1 − 232



Diffusion Model v1

𝑥 𝑧 j𝑥𝐸 𝐷

𝑥1 = 𝑥 𝑥-.+ = 𝑥- +𝑁 0, 𝜎 𝑡 "𝐼

𝑥2 = 𝑥1 +𝑁 0,_
)*1

23+

𝜎 𝑖 " ⋅ 𝐼

𝑥-.(- = 𝑥- +𝑁 0, 2𝜎 𝑡 𝜎′(𝑡)𝐼 𝑑𝑡

𝑥2 = 𝑥1 +𝑁 0,p
1

2
𝜎 𝑡 "𝑑𝑡 ⋅ 𝐼

Discrete version Continuous version



𝑥-.+ = 𝑥- +𝑁 0, 𝜎 𝑡 "𝐼

𝑥-.(- = 𝑥- +𝑁 0, 2𝜎 𝑡 𝜎′(𝑡)𝐼 𝑑𝑡



𝑥-.+ = 𝑥- +𝑁 0, 𝜎 𝑡 "𝐼

Reversing process:
Deterministic: 
Flow from 𝑥 in estimated 
direction of 𝑥1
Randomized:
Sample 𝑥-3+ based on 𝑥- and 
estimated direction of 𝑥1

𝑥-.(- = 𝑥- +𝑁 0, 2𝜎 𝑡 𝜎′(𝑡)𝐼 𝑑𝑡



Bayesian approach

𝑥1 𝑥-.+𝑥-

Distribution of 𝑥-|𝑥1, 𝑥-.+ is:
1-dim, 𝜎 𝑡 = 𝑡 case: 𝑥- = 𝑁 𝑥1, 𝑡 x5.+ = x5 + N 0,1 = N(x1, t + 1)

Intuitively: 𝑥-|𝑥1, 𝑥-.+ is ≈ 𝑁(𝛼 ⋅ 𝑥1 + 1 − 𝛼 𝑥-.+, 𝐼)

𝑃 𝑥- = 𝑦 𝑥1, 𝑥-.+ ∝ exp − 𝑦 − 𝑥1 "/2𝑡 − 𝑥-.+ − 𝑦 "/2

Mode is when ( 678 9 #
(# = 0: −

𝑦
𝑡
+
𝑥1
𝑡
− 𝑦 + 𝑥-.+ = 0 𝑦 1 +

1
𝑡
=
𝑥1
𝑡
+ 𝑥-.+

𝑦 =
1

𝑡 + 1
𝑥1 + 1 −

1
𝑡 + 1

𝑥-.+



Bayesian approach

𝑥1 𝑥-.+𝑥-

Distribution of 𝑥-|𝑥1, 𝑥-.+ is:
1-dim, 𝜎 𝑡 = 𝑡 case: 𝑥- = 𝑁 𝑥1, 𝑡 x5.+ = x5 + N 0,1 = N(x1, t + 1)

Intuitively: 𝑥-|𝑥1, 𝑥-.+ is ≈ 𝑁(𝛼 ⋅ 𝑥1 + 1 − 𝛼 𝑥-.+, 𝐼)

𝑦 =
1
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1
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𝑥-.+

𝑥- =
1

𝑡 + 1
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stochastic process

Estimated using 
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Bayesian approach

𝑥1 𝑥-.+𝑥-

Distribution of 𝑥-|𝑥1, 𝑥-.+ is:
1-dim, 𝜎 𝑡 = 𝑡 case: 𝑥- = 𝑁 𝑥1, 𝑡

𝑥- =
1

𝑡 + 1
w𝑥1 + 1 −

1
𝑡 + 1

𝑥-.+ +𝑁(0, 𝐼)
Reverse 
stochastic process

Estimated using 
neural net

Stochastic 
Differential Equation

𝑑𝑥- = −
2𝜎! 𝑡
𝜎 𝑡

w𝑥1𝑑𝑡 −
2𝜎! 𝑡
𝜎 𝑡

𝑥-𝑑𝑡 + 𝑁(0, 𝐼) 2𝜎 𝑡 𝜎! 𝑡 𝑑𝑡
* For 𝜎 𝑡 = 𝑡, 2𝜎 𝑡 𝜎! 𝑡 = 1, "

! #
" #

= $
%&

𝑑𝑥- = −
1
𝑡
w𝑥1𝑑𝑡 −

1
𝑡
𝑥-𝑑𝑡 + 𝑁(0, 𝐼)



Deterministic Approach
x5.+ = x5 + N 0,1 = N(x1, t + 1)

𝑑𝑝- 𝑥
𝑑𝑡

= −∇ ⋅ (−
1
2
∇𝑝- 𝑥 ) ∇𝑝 = 𝑝 ⋅ ∇ log 𝑝

𝑑𝑝- 𝑥
𝑑𝑡

= −∇ ⋅ (−
1
2
p5 x ∇ log 𝑝- 𝑥 ) Divergence where particles at 𝑥

move at speed − +
"∇ log 𝑝-(𝑥)

log 𝑝-(𝑥) = log Pr 𝑁 𝑥1, 𝑡 = 𝑥 = −
∥ 𝑥 − 𝑥1 ∥"

2𝑡
+ 𝑐𝑜𝑛𝑠𝑡

∇log 𝑝-(𝑥) = log Pr 𝑁 𝑥1, 𝑡 = 𝑥 =
𝑥1 − 𝑥
𝑡

𝑥-3(- = 𝑥- +
w𝑥1 − 𝑥-
2𝑡

𝑑𝑡

Estimated using 
neural net

Ordinary 
Differential Equation 𝑑𝑥 = −𝜎! 𝑡 𝜎(𝑡)

w𝑥1 − 𝑥-
2𝜎"(𝑡)

𝑑𝑡



Putting it together
Build black box 𝐷7 s.t. 𝜃 = argmin𝔼 𝐷7 𝑁 𝑥, 𝜎#𝐼 ; 𝜎 − 𝑥 #

Start with 𝑥> = 𝑁(0, 𝜎?@A" 𝐼)

and generate 𝑥-! , 𝑥-" , … , 𝑥-# with 𝑇 = 𝑡1 > 𝑡+ > ⋯𝑡B = 0

Plugging  w𝑥1 = 𝐷C(𝑥-$ , 𝜎 𝑡) ) into either SDE or ODE to move from 𝑡) to 𝑡).+

* Ignore scaling



Side note: Architecture: U-Net



𝑥-.+ = 𝑥- +𝑁 0, 𝜎 𝑡 "𝐼

Reversing process:
Deterministic: 
Flow from 𝑥 in estimated 
direction of 𝑥1
Randomized:
Sample 𝑥-3+ based on 𝑥- and 
estimated direction of 𝑥1

𝑥-.(- = 𝑥- +𝑁 0, 2𝜎 𝑡 𝜎′(𝑡)𝐼 𝑑𝑡



Guidance



Classifier Guided Diffusion
Given: 𝐶:ℝ8×𝒴 → ℝ 𝐶 𝑥 + 𝜎#𝑁 0, 𝐼 , 𝑦; 𝜎 = log Pr[ label 𝑥 = 𝑦 ]

𝑑𝑥 = −
1
2
∇log 𝑝- 𝑥

𝑑𝑥 = −
1
2
∇ log 𝑝- 𝑥 − 𝜆 ⋅ 𝐶(𝑥, 𝑦; 𝑡)



Classifier free guidance
Question 1: What is the unnoised image that led to                   ?

Question 2: What is the unnoised image that led to                   ?
Hint: The label was “astronaut”



Classifier free guidance

Assume 𝐷7 𝑁 𝑥, 𝜎#𝐼 ; 𝜎 = argmin𝔼 ∥ b𝑥 − 𝑥 ∥#= 𝔼[𝑥|𝑁 𝑥, 𝜎#𝐼 = 𝑧]

Then 𝐷7 𝑁 𝑥, 𝜎#𝐼 ; 𝜎, 𝑦 = argmin𝔼 ∥ b𝑥 − 𝑥 ∥#= 𝔼[𝑥|𝑁 𝑥, 𝜎#𝐼 = 𝑧, 𝑌 = 𝑦]

If we provide 𝑦 to denoiser, then signal would be conditioned on it.
Choices for 𝑦: 

• Class label 
• Textual description (e.g. “alt text”) Mediated through CLIP

Train 𝐷C(𝑁 𝑥, 𝜎"𝐼 ; 𝜎, 𝑦/∅)

Diffuse via 1 + 𝜖 𝐷C 𝑥-; 𝜎 𝑡 , 𝑦 − 𝜖 ⋅ 𝐷C(𝑥-; 𝜎 𝑡 , ∅)



unCLIP Ramesh et al 22





Measuring Outputs: Quality vs Coverage
Energy Entropy

Inception Score: 𝐶: 𝑋 → 𝑃𝑟𝑜𝑏(𝒴)

log 𝐼𝑆 𝑝8DE : = 𝔼&∼9%&'𝐾𝐿 𝐶 ⋅ 𝑥 ∥ 𝐶 ⋅

𝐶 ⋅ = 𝐶 ⋅ 𝑥 , 𝑥 ∼ 𝑝8DE

Notation: 𝐶(⋅ |𝑥)

= 𝐼 𝐶 𝑥 ; 𝑥

= 𝐻 𝑌 − 𝐻(𝑌|𝑋) Zero if model is 100% 
confident about label

High IS ⇒ High confidence ≈ High “quality”

Full as long as one image 
per label



Measuring Outputs: Quality vs Coverage
Energy Entropy

Inception Score: 𝐶: 𝑋 → 𝑃𝑟𝑜𝑏(𝒴)
log 𝐼𝑆 𝑝8DE : = 𝔼&∼9%&'𝐾𝐿 𝐶 ⋅ 𝑥 ∥ 𝐶 ⋅ = 𝐼 𝐶 𝑥 ; 𝑥

Fréchet Inception Distance: 𝐶′: 𝑋 → ℝ(
Feature vector

𝐹𝐼𝐷 𝑝8DE, 𝑝E@5 = 𝑑" �𝐶′(𝑝8DE), �𝐶′(𝑝E@5)

�𝐶′(𝑝): Normal 𝑁(𝜇, Σ) with 𝜇 = 𝔼&∼9[𝐶! 𝑥 ] and Σ = 𝐶𝑂𝑉&∼9[𝐶! 𝑥 ]

Recall: 𝑑" 𝑁(𝜇, Σ), 𝑁(𝜇#, Σ#) = ‖𝜇 − 𝜇# ∥" +tr(Σ + Σ# − 2 ΣΣ# !/")
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Heusel et al ‘17


