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Handling Large Actions Spaces

@ On each round, we must choose a decision x; € D ¢ RY.
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Handling Large Actions Spaces

@ On each round, we must choose a decision x; € D ¢ RY.
@ Obtain areward r; € [-1,1], where o gﬁ(ﬁ)

E[ft‘Xt — X] — :LL* X € [_171]7 \L,‘[/V\SC‘/IOWU\
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Handling Large Actions Spaces

@ On each round, we must choose a decision x; € D ¢ RY.
@ Obtain areward r; € [—1, 1], where

Elrt|xt = x] = p* - x € [-1,1],

DS
~ | L e poXE A,
e so the the conditional expectation of r; is linear)
e Also, we have the noise sequence,

e =r— u X

is i.i.d noise.
model due to Abe & Long '99
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Our Objective

If Xo,...Xx7_1 are our decisions, then our cumulative regret is

T. T—1 “
Ar xSt gt

t:LO//KJ\) » (97/

where x* € D is an optimal decision for u*, i.e. = e X

X* € argmax,ep 1* - X
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Q Linear Bandits

@ LinUCB and An Optimal Regret Bound
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LinUCB & The “Confidence Ball”

@ After t rounds, define our uncertainty region BALL;: with center, i,
and shape, X ;, using the A-regularized least squares solution:

t—1
fir = arg min > e Xe = rell3 + Alull
=0 (Faz/[,/(rc/lfcfgg/
t—1
=AM+ xx], with Lo =\ 5
Slle=% 4 A
€TLM (e — 1 27 (i = 1) < Be

where (; is a parameter of the algorithm.
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LinUCB & The “Confidence Ball”

@ After t rounds, define our uncertainty region BALL;: with center, i,
and shape, X ;, using the A-regularized least squares solution:

t—1
jit = arg min > e Xe = rell3 + Alull
=0
t—1
=M+ ) XX, with T = Al

7=0 %?4/6 |
2. //egéi\ %&%%{(ﬁt —u*) ' (e — pt) < 5t} , =

where (; is a parameter of the algorithm.
@ LinUCB: Fort=20,1,...

@ Execute x; = argmax,cp max,cBari, i - X
@ Observe the reward r; and update BALL; 1.
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LinUCB Regret Bound

Sublinear regret: R < O*(dv/'T)
poly dependence on d , no dependence on the cardinality |D.
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LinUCB Regret Bound

Sublinear regret: R < O*(dv/'T)
poly dependence on d , no dependence on the cardinality |D.

Theorem (Dani, Hayes, K. '09)

Suppose: bounded noise |n:|; ||p*|| < W;and||x|| < B, for x € D.
Set \ = 02/ W? and ;== ¢y0? (dlog (1 + TBQWZ) + Iog(1/5)).

d

With probability gr aSgubaT — 9, that for all t > 0,

\Eﬁ i @ (j ) TBZ W2

Rt < CQO’ﬁ (dlog (1 + ) + |og(4/5)>

do?

where cq, C> are absolute constants.

. - M% %1\\5% &/)Dd/\c/(f@(\// )
%Wﬁ Nf%/] er/az/% S
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Two Key Lemma in the Proof

(Confidence) Let 5 > 0. We have that Pr(Vt, u* € BALL;) > 1 — 6.
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Two Key Lemma in the Proof

(Confidence) Let 5 > 0. We have that Pr(Vt, u* € BALL;) > 1 — 6.

Lemma
(Sum of Squares Regret Bound) Define: 9&(; m[é 5k

regret, = p* - X* — ¥ - Xy [%C ;O@( /@37 )

Suppose B: > 1 and 3¢ is increasing; and 1.* € BALL; for all t. Then

— TB? )

2
Z regret; < 457dlog (1 + —
— d\
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Completing the Proof

Proof:[Proof of Theorem 1] With the two previous Lemmas, along with
the Cauchy-Schwarz inequality, we have, with probability at least 1 — 4,

T—1 T—1 T2
R = Z regret; < | T Z 1"egret2 < /4TpB7rdlog (1 + ﬁ)

t=0 t=0

The remainder of the proof follows from our chosen value of 7.
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“Width” of Confidence Ball

p@lﬂﬁf(/‘/ﬁﬁﬁé Cﬂr@(ﬂ(sacé

Letx € D. If u € BALL; and x € D. Then

(= 1) x| < \/thTZ;1x
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“Width” of Confidence Ball

Lemma

Letx € D. If u € BALL; and x € D. Then

[(n — Fir) ' x| < \/thTZ;1x

Proof: Triangle ineq. + def of BALL;
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“Width” of Confidence Ball

Lemma

Letx € D. If u € BALL; and x € D. Then

[(n — Fir) ' x| < \/thTZ;1x

Proof: Triangle ineq. + def of BALL;
By Cauchy-Schwarz, we have:

~ ~ 1/2——1/2 1/2 —~ —1/2
(= 7i) Tx| = (e — ) T, 28 2x) = (2P (0 — i) T VP

1/2 ~ —-1/2 1/2 ~ _ _
< 13200 — B0l 2] = 153200 — A /x5 x < 4 Bex T

where the last inequality holds since i € BALL;. |
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Instantaneous Regret Lemma

Define

we = /XX, %

which is the “normalized width” at time t in the direction of our decision.
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Instantaneous Regret Lemma
Define
we = /XX, %

which is the “normalized width” at time t in the direction of our decision.

Fixth./then = VAT v

V@/\ regret; < 2min (\/ StwWt, 1) < 24/ 87 min (wy, 1)

i VEE
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Instantaneous Regret Lemma

Define

we = /XX, %
which is the “normalized width” at time t in the direction of our decision
Lemma

-
~
=

Fixt < T. If y* € BALL;, then

regret; < 2min (/SiwW, 1) < 24/67 min (w;, 1)

Proof: Due to“optimism”.
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Instantaneous Regret Lemma

Define

= /X XX f =L s i X“)&
‘CE

which is the “normalized width” at time t in the directlon of our deC|S|on
Lemma

Fixt < T. If y* € BALL;, then

regret; < 2min (/SiwW, 1) < 24/67 min (w;, 1)

Proof: Due to“optimism”.
Let » € BALL; denote the vector which minimizes the dot product 1" x;.
By choice of x;, /1" Xt = max,,cgai, mMaxyep ' x > (p*) " x*, where the
inequality used the hypothesis u* € BALL;. Hence,

regrety = (") ' x* — (") ' xe < (5 — p*) " e

= (7 —fr) ' xe + (fr — 1) ' X < 24/ Bews

where the last step follows from the “width” Lemmasince p and p* are
S. M. Kakade RL 8/12




Geometric Argument: Part 1

The next two lemmas give us ‘geometric’ potential function argument,
where can bound the sum of widths independently of the choices
made by the algorithm.

S. M. Kakade



Geometric Argument: Part 1

The next two lemmas give us ‘geometric’ potential function argument,

where can bound the sum of widths independently of the choices
made by the algorithm.

We have:

T—1
detX7r =detXo | [ (1 + w?).
t=0
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Geometric Argument: Part 1

The next two lemmas give us ‘geometric’ potential function argument,

where can bound the sum of widths independently of the choices
made by the algorithm.

We have:
T—1
detX7r =detXo | [ (1 + w?).
t=0

Proof: By the definition of >;, 1, we have

det ¥y 1 = det(X; + Xx/ ) = det(S}/2(1+ =, 2xx £, /%)%

= det(Z) det(/ + X; Pxe(X; Px)T) = det(y) det(/ + vivT),
t t

where v; .= 2_1/2xt Now observe that v,' v = w? and .
t t t
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Geometric Argument: Part 2

Lemma

For any sequence Xy, ... X7t_1 such that, fort < T, ||xt||2 < B, we have:

1 TB?
log (det Y 7_41/det Zo) = log det <l+ h Z XtXtT> < dlog (1 IF ﬁ) :
t=0

y
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Geometric Argument: Part 2

Lemma

For any sequence Xy, ... X7t_1 such that, fort < T, ||xt||2 < B, we have:

1 TB?
log (det Y 7_41/det Zo) = log det <l+ h Z XtXtT> < dlog (1 IF ﬁ) :
t=0

v

Proof: Denote the eigenvalues of 3/ ' x;x,” as o1, ... 04, and note:
T—1

d T—1
Za,- = Trace( Z XtXtT) = Z 1x:||> < TB?.
i=1 t=0

t=0 (
Using the AM-GM inequality, A v
T—1 d B
IOgth(I—}—%ZXtXtT):k)gg/ o )\) AM éﬂ-
-0 =
d d

" dlog (%i“ +0i/A)) < dlog (1 +Z—BA2>

i=1

S. M. Kakade



Proving “sum of squares regret” Lemma

Proof:Assume p* € BALL; for all t. We have:

T—1 T—1
Zregrett < Z4ﬁtmln(Wt, ) < 45T2m|n wi, 1)
t=0 t=0

< 487 Z In(1 + w?) < 487 log (det Y1 1/ det zo)

= 487d log ‘|+T—82 %TQ//: %%/#‘

where the first inequality follow from by Lemma 5; the second from that
Bt Is an increasing function of t; the third uses thatfor 0 < y <1,
In(1 + y) > y/2; the final two inequalities follow by Lemmas 6 and 7. m
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Self-Normalizing Sum

Lemma (Self-Normalized Bound for Vector-Valued Martingales)

(Abassi et. al ’11) Suppose {¢;}7°, are mean zero random variables
(can be generalized to martingales), and ¢; is bounded by o. Let
{X;}>°, be a stochastic process. Define ¥; = Yo + St X;X.". With
probability at least1 — §, we have for allt > 1:

2

1
< 62 log (det(Zt) zgt(zo) ) |

—1
zl‘

(This is a general version of the Self-Normalized Sum argument in
[Dani, Hayes, K. '09]).
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Confidence [Proof of Lemma 2]

Proof: Since r. = x; - u* + n,, we have:
t—1 t—1
= =50 X —pt =570y X (X gt ) —
7=0 7=0
t—1

t—1
=3, (Z XT(XT)T> e vl
7=0 =0
t—1

S NI Wl T
7=0

By the triangle inequality,

N ~ _1/2 12
\/(:ut - M*)th(ﬂl‘ - :LL*) < ||)‘Zt / M* + Zl‘ / ZnTXT
< VAl + 7.
How can we bound “??” To be continued... u
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Continued... [Proof of Lemma 2]

Proof:

t—1
—1/2
Zt / ZT]TXT

T=

~ ~ —1/2
(it — p*) " e (i — p*) < HAZ, Tl |

< VX | + /202 log (det(Z) det(£0)~1/6).

We seek to lower bound Pr(Vt, u* € BALL;). Assign failure probability
6 = (3/7?)/1? for the t-th event, which gives us:

1 — Pr(Vt, u* € BALL;) = Pr(3t, u* ¢ BALL;) < Pr(u” ¢ BALL;)

INNgE:

<i1/t2 )(3/7%) =1/2.
t=1

This along with Lemma 7 completes the proof.
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